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Abstract. In this paper wc are concerned with the global wcU-posedness for 
the compressible MHD equations with large data. We show that if the shear 
viscosity is a positive constant and the bulk viscosity A is the power function 
of the density, that is, A(p) = with /3 > 3, then the two dimensional 
compressible MHD system with the periodic boundary conditions on the torus 
have a unique global classical solution (p, u, H). In this work wc extended 
the results about compressible Navier-Stokes equations in 1421 to compressible 
MHD equations by applying several new techniques to overcome the coupling 
between velocity and magnetic field. 

Key words compressible MHD equations; iscntropic fluids; global well-posedness; 
density-dependent viscosity 

1. Introduction 

In this paper, we consider the following compressible Magnetohydrodynamics 
(MHD) equations on T^, 

'dtp + div(pu) = 0, 

dtipu) + div(pu (g) u) + Wp = W X H X H + pAu + V((^ + A(p))divu), 
dtH -V X {ux H) - jyAH = 0, (1.1) 
divH = 0, 

^{p{x,t),H{x,t),u{x,t))\t^Q = {po{x),Ho{x),uo{x)), 

which describes the motion of electrically conducting media in the presence of a 
magnetic field. Here p, u, H and p denote the density, velocity, magnetic field and 
pressure respectively. po{x), uo{x) and Hq{x) are initial values. The pressure term 
p(p) is assumed to obey the polytropic 7-law, i.e. 

p{p) = ap\ (1.2) 

where a is the entropy constant and normalized to be one without loss of generality 
and 7 > 1 is called the adiabatic index. Also, we assume that the functions /i(p), 
and X{p) are defined on [0, -|-c») and satisfy the conditions 

nip) = const > 0, A(p) = /, 13 > 3. (1.3) 

And T2 is the 2 dimensional torus [0, 1] x [0, 1] and t e [0, T] for any fixed T > 0. 

For smooth initial data such that the density po is bounded and bounded away 
from zero (i. e. < p < po{x) < M), existence and uniqueness of local classical 
solutions to the compressible Navier-Stokes equations have been known for a long 
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time (see the pioneering work of J. Nash jS^ or the paper of N. Itaya [25]). Mat- 
sumura and Nishida [33] proved the global well-posedness for compressible Navier- 
Stokes equations for smooth data close to equihbrium. The reader may refer to 
[ni[15l[ni[IIl[Ill[I3[2Ql[2l[29] for more recent advances on the subject. Partic- 
ularly, Danchin has obtained several important well-posedness in critical spaces for 
compressible Navier-Stokes equations [15l [El \17\ [181 [IS]- Chen-Miao-Zhang [12] 
have proved the local well-posedness in B2 i x (5° 1)^ for the viscous shallow wa- 
ter equations and for compressible Navier-Stokes equations with density dependent 

N_ 

viscosities in the Besov spaces B^^ [TT]. Bian and Yuan have obtained local well- 
posedness in the critical Besov spaces [I] and super critical Besov spaces [2 for the 
compressible MHD equations. Concerning the global existence of weak solutions 
to compressible Navier-Stokes equations for the large initial data, readers refer to 
[31 m [30l [34] , and refer to [3 [121 EH 122] and references therein for the viscous shallow 
water equations. Recently, Vaigant-Kazhikhov |42] obtained global well-posedness 
of strong and classical solution for the compressible Navier-Stokes system with large 
data and without vacuum. Jiu- Wang-Zhou [26] generalized this result to the case 
which may contain vacuums with the periodic boundary conditions on the torus 

Due to the physical importance and mathematical challenges, the study on (jl.ip 
has attracted many physicists and mathematicians |211 1311 132] . Existence and 
uniqueness of (weak, strong or smooth) solutions in one dimension can be found in 
[9] [TOl [23l [27l [28] and the references cited therein. Construction of global classical 
or strong solutions to the Navier-Stokes eqautions in the high-dimensional case 
was open, and more difficult for the system (|1.1|) since the velocity and magnetic 
couple and there are more nonlinear terms. This paper is devoted to construct 
global classical solution for the 2-dimensional compressible MHD equations (jl.ip 
with large data, we extended the results in [42] by applying several new techniques 
to overcome the coupling between velocity and magnetic field. 

In the absence of heat conduction, it was proved by Z. P. Xin that any non-zero 
smooth solution with initially compact supported density would blow up in finite 
time (see [M]). This result was generalized to the cases for the non-barotropic 
compressible Navier-Stokes system with heat conduction |13| and for non-compact 
but rapidly decreasing at far field initial densities [38]. As a reasonable starting 
point, we will therefore restrict our work to solutions such that p remains positive. 

Our result is expressed in the following. 

Theorem 1.1. If the initial data {po,uo, Hq) satisfy that 
< (po,p(po)) € W'-'^(T^) X W'-^iT^), 

r (1 4) 

{uo,Ho) e H^{T^) X H^{T^), / po^^ > 0. 

Then there exists a unique classical global solution to the 2D MHD system (|l.ip - 
(|1.3|) and satisfies 

0<p<C, (p,p(p))gC([0,T];W-2'«(T2)), e C([0, T]; ^^(T^)), 

iu,H) e C{[0,T]; H^{T^)) n L^{[0,T]; H^{T^)), (1.5) 

{ut^Ht) e L'-i[0,T]:H\r)), {^puuH,) e 1°^ {%T]- L^T^)). 
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Remark 1.2. Wc did not make any effort to optimize the assumptions on the initial 
data or the function space that is used in the analysis. The whole point is to 
construct global in time classical solutions. 

Notation: Throughout the paper, C stands for a "harmless " constant, which 
is independent oi m, t £ [0,T]. We sometimes use the notation Cq for some generic 
constant depending only on a. we use the notation ^ < i? as an equivalent of 
A < CB. The notation /+ means that /+ = max{0,/}. The notation LP(T'^), 
1 < p < oo, stands for the usual Lebesgue spaces on and || • ||p denotes its 
norm, and without ambiguity, we write / f(x)dx instead of Jj,2 fix)dx. 

2. Preliminaries 
First, we state some assertions that are used later. 

Lemma 2.1. For every function u G Wq'"''{T'^) or u £ W^'^^iT"^) with J,^2 udx ~ 0, 
it holds that 

\\u\\,<C\\VuC\\u\\l-', 

where — {■^ — q){r ^ m ^" l)^^ ' '^^'^ ifm<2, then q is between r and 2-m ' ^^^^ 
«s, 9e {-^A ifr> ifm^2, thenqe [r,+oo), if 

m > 2, then q G [r, +oo]. Consequently, for every function u e W^'"^{T'^), one has 

\\u\U<Ci\\u\\, + \\VuC\\u\\l-'^), 

where C is a constant which may depend on q. 

The above Lemma is the Gagliardo-Nirenberg inequality which can be found in 
[36l |42] . The following Lemma is the Poincare inequality. 

Lemma 2.2. I45j|33|41] for every function u e W^'^^T"^) or u e W^-'^iT^) with 
udx = 0, if 1 < m < 2, then 

\\u\\^ < C(2-m)^^||VM|U, 

where the positive constant C is independent of m. 

From Lemma 12. 2[ we can prove the following Lemma, of which proof can also 
be found in [12]. 

Lemma 2.3. For every function u & W '™+v (T ) with m > 2 and < ?] < 1 , we 

have 

where e G [0, i], s ~ m-'?7(i-£)'' '^^'^ positive constant C is independent of m. 

By virtue of the maximum principle, we can prove the following lemma. For 
brevity, we state it here without proof. 

Lemma 2.4. // the initial datum \Hq\ < C , and the function H satisfies 

Ht + u- - uAH -H ■Vu + Hdivu = 0, 
then \H\ < C, with C a positive constant. 
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Second, we introduce the following notations: 

F^i2p + X{p))diyu-pip)-^\H\^, w = d^,U2 - d^.ui, (2.1) 

B = -{pw,., +{F+ L = -i^pw,, + {F+ hm^,). (2.2) 

p 2 p 2 

Using them and recalling that p = const, from system (|l.ll) . we get 

1 „ _„ 1 , „ . , 1 



p p 2p 

1 „ I, ^ . „ 1 



p p 

Then w and F solve the following system: 

ujt + u-Vuj + uoAivu + (ii? • VHi)^, - (ii? • VHi)^, 

{F + i|if|2)4 + M . V(^^ + i|ff|2) + (2/i + A(p))[(ui,j2 + 2?/i,,U2,, 

+ («2..)^] - p(2m + KpMF + i|iJ|2)(_^)' + (_E^)']div^ (2.3) 
-^-^^[{H,,,f + 2i/i,,i/2., + [H^.,?] - {2p + \{p)) 
[(i),,//-Vi?i + (i),,iJ.Vi?2] 
= (2m + mm - + (i - 2^|i^l?J..]. 

Using the form of the functions B(x,t) and L{x,t) and the continuity equation, 
together with the magnetic equation, the system for (_B, L, H) can be derived as 

pBt + pu ■ VB — pBdiYu + ■ V(F + ^|i?P) + pu^^Vu + yu[wdivu 
+ {-pH ■ Vi7i),, - (iff • Vffi),J,, + {(2// + A(p))[(«i,j2 + 2mi,,U2.i 
+(«2..)']}.. - {^^^[(ffi.J^ + 2ffi,,ff2., + (ff2.J']}.. 
-{p{2p + X{p))[{F + IjHn^^y + (^_iL_)']divu}., 
-{(2a. + A(p))[(i),,iJ • Vi?i + (i),,ff • VH,]}x2 
= p{{B - l^ml^),, -{L- 2^|ff|2 J,J,, + {{2p + X{p)) 

pLt + pu-\/L- pLdwu + u^^ ■ \/{F + i|iJp) - pu.^^\/uj - p[ujdivu (2.4) 
+ (iff • Vffi),, - (iff • Vffi),J,, + {(2/i + A(p))[(«i,j2 + 2mi,,U2.i 

+ («2..)2]}., - {^^[(ffl.J^ + 2ffi,,ff2., + (ff2.J^]}.. 

-{pi2p + XipMF + i|ff |2)(^-^)' + (,-^)']divu}., 
~{i2p + A(p))[(i),,ff • Vffi + (i),,ff • Vff2]}., 
= -p{{B - 5^|ff|L).. -{L- 2^|ff IIJ.J,, + {{2p + X{p)) 
[iB-j-^\H\lU + {L-^^\H\lU]},„ 
Ht + u-WH- lyAH ■Wu + ffdivu 0. 



These equations are equivalent to each other for the smooth solutions to the original 
system (jl.ip . In the following, we will use the above system in different steps. 
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3. Lower order estimates 

In this section, we derive some uniform a-priori estimates. Using the method 
in |391 140j , we can prove the existence and uniqueness for classical solutions on a 
sufficiently small time interval. In what follows, we will study the global problem 
is connected with obtaining a priori estimates with constants only on the data of 
the problem and duration T of the time interval and independent of the interval of 
existence of a local solution. Then we can extend this solution globally. We divide 
the proof of the low order estimates into several steps. 

Step 1. Elementary energy estimates 

Lemma 3.1. There exists a positive constant C depending on {po,uo, Hq), such 
that 

sup iw^uwl + yr, + Ml + ml) + fiWujWl + !iv,.!i^ + \\VH\\1 

tG[0,T] Jo (3.1) 

+ \\{2pL + \{p))'^ divu\\l)dt < C. 

Proof. Multiplying the momentum equation and the magnetic equation by u and H 
respectively, integrating over T^, and then summing the resulting equations, from 
the continuity equation it holds that 



d 
At 



+ \H\^)dx + / (Aiw^ ^ + A(p))(divu)2 + v\\\IH\\l)dx 



(3.2) 



u ■ Vpdx- — 0, 

where we have used the fact that 

Aw = Vdivu — V X w, 

and 

u- {V X H X H) + H ■ {V X (ux H)) = div{{u x H) x H). 

Note that 

u ■ VpAx = -7- / — — dx. (3.3) 
dt J 7-1 

Integrating the continuity equation, we have 

d 
dt 

which together with p.2|) and p.3|) . gives that 

^ j + + P+ + / (a*^' + (2/" + A(p))(divu)2 + u\\VH\\l)dx = 0, 

Integrating the above equality in the time variable t over [0,r], and using the fact 
||Vu||2 < C(||a;|l2 + ||divu||2), it follows that 

sup (!lVP"||^ + ||p||^ + l|pl|i + l|i?||^)+ r {M\l + \\yu\\l + \\VH\\l 

t6[0,T] JO 

+ ||(2^ + A(p))^divw||^)di<C. 

□ 



pdx = 0, (3.4) 
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Step 2. Density estimate 

Applying the operator div to the momentum equation of we have 

[div{pu)]t + div[div(pw u - H ® i?)] AF. (3.5) 
Consider the following two elliptic problems: 

AS, = div(pu), J ^dx = 0, (3.6) 

Ar] = div[div(pM <^u - H ® H)], J rjdx = 0, (3.7) 

both with the periodic boundary condition on the torus T^. 

From the elliptic estimates and Holder inequality, it can be derived as that 

Lemma 3.2. (1) ||V^|l2m < C'toHpH 2;;^^ ||u||2„ife, for any fc > 1, to > 1; 

(2) \\Va2-r < C\\p\\l_^\\y^u\\2, for any < r < 1; 

(3) hhm < Cm||p||^||M||Lfe + Cm\\H\\l^, for anyk>l,m> 1; 
where C is a positive constant independent of m, k and r. 

Proof. By the elliptic estimates to the equation p.7p and using the Holder inequal- 
ity, we have for any k > 1, to > 1, 

Wvhm < Cm\\pu%^ + Cm\\H%„JeqCm\\p\\^Ml„,, + Cm\\H\\l„. 
the statements (2) and (3) can be proved in the same way as (1). □ 
Denote 

0(t) = / i^iio^ + (2/i + A(p))(divu)2 + „\\VH\\l)dx, (3.8) 



12 

and recall Lemmas 12.1112.31 and Lemma [221 the following lemma holds. 

Lemma 3.3. (1) < Cm^ ||V$||^ < Cm^\p\\i,, for any m > 2; 

(2) \\u\\2m < C[m^(l){t)i + 1], for any m > 2; 

(3) ||V^||2m < C[m,^k^\\p\\22nj^<f){t)^ + toIIpII 2™fc], for any k > 1, m> 1; 

(4) llvhrn < C[m'^k\\p\\2rr!±(l){t) + to||/Ci|| 2mjc + ui^ (t){t) + to] , for any fc > 1, to > 1; 

k—l k—1 

where C is a positive constant independent of m and fc. 

Proof. (1) From Lemma [221 Lemma lOI and Lemma [32l2), clearly 

Uhra < Cto^IIVCII^ < Cmi\\p\\i\\^u\\2 < Cm^WpWL 
(2) By Lemma 1^751 we get 

\\u\\2,n < C(||ui|i+TO^||Vu||^). (3.9) 

Denote u= = J udx, then 

I J p{u-u)dx\ <\\p\\Ju-u\\_^ <C\\Vu\\2. (3.10) 

On the other hand, from the conservative form of the compressible MHD equations 
(jl.l[) and the periodic boundary conditions, we obtain 



d f d f 

— / p{x,t)dx^— / pu{x,t)dx = 0, 
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that is, 

J p{x,t)dx = I pa{x)dx, j pu{x,t)dx ^ j poUo{x)dx, 

for any t € [0,T]. Thus, 

I j p{u-u)dx\ = I J poUodx~u J poix)dx\ > \u\ J po{x)dx ~ \ / poUoix)dx\, 

which together with p.lOp imphcs that 

,-, < J PoUo{x)dx ^ C||Vm||2 



/ poix)dx J po{x)dx' 

Substituting the above inequahty into (|3.9p completes the proof of Lemma [373^ 2). 

(3) By Lemma ()3.2p fl) and Lemma [3731 2). we can show that 

Wy^hm < Cm\\p\\^\\u\\2,nk < Cm||p||2^(mU^||Vu||2 + 1) 
< C[mhi\\p\\2^(j)it)i +m\\p\\2^]. 

(4) From Lemma (|3.2p (3) and Lemma [373l 2). we have 



Wvhni < Cm\\p\\2rr^\\u\\l^i^ + Cm\\H\^^ 



k-1 



4m 



□ 



< CjtiIIpII 2^(mfc||Vu||^ + 1) + Cm^W^HWl + Cm 

< C[m^fc|jp|| 2mfc(/i(t) + m\\p\\2rr^ + 771^ (f){t) + ml. 

fc — 1 fc — 1 

Combining p.6p - (|3.7p with p.Sp . we obtain 

A(6 + J Fix, t)dx) = 0. 

Thus, 

£.t+V-P + J F{x,t)dx = 0. 

Since F = {2p + A(p))divu — p — jl^^P, the preceding equahty imphes that 

{2p + \ip))divu+p+^\H\^ + 7] + j F{x,t)dx = 0. 

Using the continuity equation, one gets 

^t + i2ti + Xip))-ipt + u-Vp)+pip) + l-\H\^+r,+ I F{x,t)dx^O. (3.11) 
P 2 J 



Define 



0{P)- /''^^i±Md,s = 2Mlnp+i(p^-l), 



then (|3.1ip yields the following transport equation 

-u- VC + j F{x,t)dx = 

(3.12) 



[(.+e{p))t+u-V{^ + e{p))+p{p) + ]^\H\^ + 7^-u-V^+ I F[x,t)dx = Q. 
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Lemma 3.4. For any k > 1, it holds that 



sup \\p{-,t)\\k<Ckr- 

t£[0,T] 



Proof. Multiplying the equation (|3?T2l) by the function p[{^ + 6'(p))+]^'""^ with 
TO > 4 a natural number, and integrating the result equation over fl, involving the 
continuity equation, we get 



p[i^+eip))+r'dx+ ppipm+0{p))+r"^-'dx 



J_d_ 

+ \j p\HWi + e{p))+f"-^-^dx 



(3.13) 



F{x,t)dx [ + 



Put 



f{t) = { p[{^ + 9{p))+r"^}^,te[0,T]. 



Now we estimate the terms on the right-hand side of p.l3p . 
First of all. 



P'?[(e + ^(p))+]'"-'dx| 

< / P^\vM^ + eip)frf-^dx 



< 



ii™^+iii'?ii2™+iiip(^+^(p))riii^'" (3.14) 



+ m^WVHWl + m] 



where (j) is defined as p.Sp . and we have chosen k = -^zf- 
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Next, for 2m^^+i p ^ ^ with p> 1, the second term on the right-hand side of 
(|3.13p can be estimated as 



\Jpu-Vm + 0{p)hf"'-'dx\ 



2m-l 



< / p^\u\\v^M^ + e{p)f;-]^dx 



<C^IIHl2™/3 + lll«ll2mpl|Ve||2,np||p(e + %))f!ll^'" 

< C\\p\\tp+i[M^\\^^h + m^Q)^ki\\p\\^cj,{t)^ ^^-^^^ 
+ mg||p||2™^]/(t)2™-i 

A; — 1 

< C\\p\\ltf^J{tf"^-'[mhHt) + mrnhit)i+m] 
<C\\p\\lt%J{tr''-'[mmt)+m], 

where in the third inequahty we have chosen p = q = '^"^^^ and k = . 

Now let's estimate the last term on the right-hand side of p.l3p . From the 
elementary estimate p.ip . one can show that 

1-1 F{x,t)dx I p[{^ + 9{p))+f"^-'dx\ 

< J \i2p + \ip))dwu^p-^mdx J p^[p(^ + 0(p))^"]^dx 

< [( f{2p + X{p)){dwufdx)^ f{2p + X{p))dxy')+ f p{p)dx 

J J J (3.16) 

+ 1 f \H\'dx]\\p\\^\\pi^ + e{p)f_r\\f^ 



2 , 



Plugging (|XT4)) - (|XT6)) into (|3J3)) yields that 

/ ppipm+oip))+r"'-'dx 
+ c\\p\\t,+i[mh^ + ii/w'""' + cmt)^ + m^\\p\\Lp+i + mt)'' 

Then it holds that 

< C[l + + Ht)^\\p\\Lp+^ + + m)\\p\\l+f^. 
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Integrating the above inequality over [0,^] gives that 

/W < / (0) + C[l + f\{sf-\\p\\Lp+,ds+ f\m'<l>{s)+m)\\p\\ltf^,ds (3.17) 
Jo Jo 

+ [ {m'(b{s)+m)\\p\\±^^,ds+ I {m^^isf^ + \)\\p\\±p+M- (3-18) 
Jo Jo 

Now we calculate the quantity 

/(0) = (y'po[(eo+%o))+rMx)^. 
From Lemma [3. 2^ 1). it is not difBculty to prove 

||6oI|l=° < c. 

Moreover, from the definition of 9{p^) = 2/ilnpo + ■^{{PoY ~ '^)^ o^-^ has 

^0 + Q{Po) ^ -oo, as po 0+. 
So there exists a positive constant a, such that if < po < f , then 

(^o + e(po))+ = 0. 

Thus it holds that 

J[a<po<iT] J[a<pa<M] 

Po(eo + e(po))^"dx]5^ <a.M, 

<T<po<A/] 

with Ccr,A/ a positive constant independent of m, which together with p.l7p leads 
to 



f{t)<C[l+ / 0(s)5||p||L/3+id5+ / {m'^{s) + m)\\p\\Z,l"l,As 

(3.19) 



+ / (m2 0(s)+77i)||p|||J;;^+id5+ / (m^(s)5 +l)|lp||£^+ids]. 
Jo Jo 

Set rJi(t) = {x e T^\p{x,t) > 2} and VL2{t) = {x € ni{t)\£,{x,t) + e{p){x,t) > 0}. 
Then one has 

IIPI|L,+1 = ( / p''-"^'dx)-^ = ( / p^-'^+Mx + / p'-^+^dx)-^ 
J Joi(t) JT2/ni(t) 

<C{f p^'^^+'dx)^^ + C <Ci f p\9{p)f'^dx)WT +C 

JOi(t) Jf2i(t) 

<C{f p|0(p)+e-CI""dx+ / p|0(p)|2™d:E)^^ +C 

Jo2(t) Jni(t)/Q,2(t) 

<C{( p\e{p) + Cf"'dx+ [ p|e|2™da;+ / p|^|2™da;)™ +C 

J02(t) Jf22(t) Jr!i(t)/f22(t) 

<C{f{tf"'+[ p|e|""da;)^^ +C< C[/(t) + ( / p|eP"Ma;)5^ + 1]. 
Jt2 Jt^ 
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Notice that 



^IIPll2^l[(-+^)^IIPll,L^]™ 



Then from Young inequality, it fohows that 

/3(m+l) 

< i^MLp+i + G{1 + fit) + m^^^). 
Thus one can get 

1/3 



\p\\'Lp+i<C[f{t)+m^] 

<C[m^+ f q^{s)^\\p\\Lp+^ds+ I {m'cj,{s) + m)\\p\\Zfl,ds 
Jo Jo 

+ f im^(t>{s)+m)\\p\\^^p^^ds+ f (m^(s)^ +l)||p|||J^^^^ds] 



<C[mW^+ I \\p\\Z^+,ds+ I im'cf,{s)+m)\\p\\l-^-}l,ds 



1 , / N 1 



+ / K</)(.s)+m)||p|||-^^ids+ / (m^0(s)5 +l)j|p|||-^^^ds]. 
Jo Jo 

From Gronwall's incquahty, it can be derived as 

IIHlL/3+i < C[mW^ + / {m'Hs)+m)\\pfZf^,ds+ f {mms) + m)\\p\\^^_^,ds 
Jo Jo 
/•* 1 

+ / (to3 0(s)5 +l)||p|||^^^^d.s]. 



Put 



then 



y{t)^m P-^\\p\\2„,i3+i{t), 

R 3(1-33) 1 /■* , , 1 

< C[m (23-1X3-1) + 77^™(3-l) / (l){s)y{sy+ ^ ds 

Jo 

1 -I 1 l-2r,. /•* 1 

_l_^™(3-i) / y[sY+2^As -I- m^c'-i) / (/)(s)y(s)5^ds 

^0 "'0 

l-m^m3 /■* 1 1-2^ 3 /■* 1 1 

Jo ^0 

+ m'-(''-i) / y{s)^ds\ 



<C[l+ (0(,s) + l)/(s)ds]. 
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Again applying Gronwall's inequality, we have 

v{t)<c, V^e [o,r], 

which implies 

\\phr.^p+l{t) < Cm^, Vi e [0,T]. 

□ 

Step 3. First-order derivative estimates of the velocity u and the magnetic field 

H. 

Lemma 3.5. There exists a positive constant C , such that 

fiuj^ + (curl Hf + -^^ ^' V dx+ / / PiB"^ + L^) + vN curlH\'^ dxdt < C. 

, , '2fJ- + Kp) Jo J 

Proof. Multiplying the first equation and the second equation of (|2.3p by fiuj and 
^^/t+A^) ^ respectively, and then summing the resulted equations together, one has 

= -- / oj^divudx - (-H ■ VHi)^^ ■ u + (-H ■ VHi)^. ■ ujdx 
2 7 P ' P 

- J 2{F + ^\H\'^){uix^U2xi - Uir^^U2x2)d-X 

J P 2 

+ fiF+ l\H\^)[{-)x,H ■ VHi + i-)x,H ■ VH2]dx 
J P P 

+ I Bi^\H\')x2+LiljHW,dx, 
where we have used the fact that 

("Ixi)^ + '2uix2U2xi + {U2x2f 
= {Ulxi + U2x2f + '2{uix2U2xt - UIX1U2X2) 
= (divu)^ + 2{uix2U2xi - Uix^U2x2) 



(3.20) 



and 



divti( ) + 2{uix^U2xt " Uix^U2x2) 

2p + A(p) 



{Hlxi)'^ + 2H1X2H2X1 + {H2X2)^ 

= [Hixi + H2X2T + 2(i?ix2-f^2xi — H1X1H2X2) 
= 2{Hix2H2xi — HixiH2x2)- 
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Applying the operator curl to the magnetic equation of (|2.4p . multiplying the re- 
sulting equation by cmlH, then integrating it over T^, we have 

i^(curli/)^d.T + J iVcurlpdx - ^ J {cmlH fdivudx 

Uxi ■ V-ffx2 ■ curl_ffd;r — / ■ V-ff^i ■ curliJda; 



+ J H ■ Vu2 + iJ2divw(curliJ)^jda; — J H ■ \7ui + Hidivu{cm\H) ^.^dx , 
which together with p.20p gives that 

i A /^c. + {curlHf + ^Z±jB^dx + I p{B' + L') + j.|Vcurl|2dx 
2dt J 2fj, + X{p) J 

= -- I oj'^divudx - {-H ■ Vi?i)^, • uj + {-H ■ VHi)^. ■ udx 
2 J P ' P 



2{F + ^\H\^){uix2U2xi - wi2;jU2x2)da; 

/ -{F + l\H\^){Hix,H2cc, - Hi,,H2,.,)dx 
J P 2 

f{F+ hH\^)[{\^H ■ VH, + i-),,H ■ VH2]dx 
J 2 p p 

J B{^\H\^),, + L{^\HW,dx - ^ J {cur\H)'divudx 

J ■ VHx2 ■ curli/dx + J u^^ ■ ViJ^^^ • curlTJdx 

/ F . V.2 + il2div.(curli7).,d. + Ih.Vu,+ F,div.(curlF).,d.. 



(3.21) 



Denote 



and 



Z''{t) = I pu + {cnAHf + ^I^t^l^dx (3.22) 



(p^{t) = J p{B^ + L^) + iy\\7cm\\^dx. (3.23) 



Then it holds that for < r < i, 

||V(F+ |H|2,c^,curli/)j|2(i-.) < Cvit)\\p\\l_^ < Ciprn^-^)- 

< C<p{t)r^ 



(3.24) 
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and 

\\vuh + IHh + II(2m + Hp)V^dWu\\, < c[z{t) + ( I ^-M^dx)^] 

< C{Z{t) + l). 

Now let's estimates the terms on the right-hand side of p.2ip . From the Holder 
inequality, interpolation inequality, the elementary estimate (|3.ip . (|3.24p - (|3.25p . it 
follows that for < e < j, 

-| J uj^divudx < C||divw||2||a;||2 < C(Z(t) + l)\\u}\\Y^ \\Vuj\\^^^ 

<C(Z(t) + l)Z(0^^(0^£™^ (326) 

< Sifi^it) + CsZ^{t){Z{t) + l)^r^£(i-/^)(i-=i.) 

< dip^{t) + CsiZ^it) + l)2+T^37e(i-wT-3c)^ 

where and in the sequel J > is a small positive constant to be determined and Cs 
is a positive constant depending on S. 

From the definition of F and A(p), and Lemma \TM similarly one has 

- (-H ■ \7Hi)^. ■ u + {-H ■ \7Hi)^, ■ iudx < CII Vwllall ViJ||2||i/||L- 

P P (3.27) 

< C^it)\\cur\H\\2 < Sip^(t) + Cs{Z{tf + 1), 

i/(F+i|i.|Ydiv.[,(^^)'-^^]d. 

1 fr^, ^^^a,2rF + h\H\' P{p) 2fi + X{p)+pX'{p) 

,(n] 2//, + ACoV (lii. + XlnW ^"^ 

(3.28) 



2 y + 2 1^1 ) ( 2^ ^ A(p) + 2m + A(p) ^ (2^^ + A(p))2 



|3 

2^* + A(p)" 



< C(l + / i^-±i&dx), 



/(^+i|^P)div.[p(^^)-^^]d. 

-y(^ + 2"^i )(2;:ta(^ + ^^^tag^^ 

p(p)(2a. + A(p)) + pA'(p)p(p) - pp'{pK2f, + A(p)) ^ 
J^{F+ l\Hf)iuix,U2,, - ui,,U2,,)dx <C J\F+ ^\H\^\\\/ufdx, (3.30) 
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J P 2 

<cj \F+^\H\^\\VH\^dx, 



J Bi^\HW,+Li^\H\%,dx 

< Ci\\VH\\2\\H\\L^.\\^Bh + \\WH\\2\\H\\l^\\^L\\2) 

< C{Z{t) + l)^(i) < + Cs{Z^{t) + 1), 

"\ j (curl^)^divuda: < C||divu||2||curli/||| 

< C{Z{t) + l)||curli/|l2^||VcurlH|||j^^^j 

< C{Z{t) + l)Z{t) ip{t) ^ £ (1 - Wl"- 2e) 

• VHx2 ■ curliJda; + y • VH^i ■ curliJdx 

< C||Vff||2||VM||2 < C{Z{t) + l)||curli/||| 

< C{Z{t) + l)|lcurl7f||2^||VcurliJ|lg^) 

< V W + CsiZ{tf + l)2+T^e(i-wi-3.) 



(3.31) 



□ 



(3.32) 



(3.33) 



(3.34) 



and 



— y H ■ \/u2 + H2dWu{cmlH),j:-^dx + J i7 • Vui + i7idivu(curliJ)j.2da; 

< ||Vcurli7||2!|VMi|2i|i/||L- < C^it){Z{t) + 1) (3.35) 

Substituting ([5:^ - ([535)) into ([5:^ leads to 

~Z\t) + if\t) < 6^^{t) + Cs{l + Z^{t) + {Z^{t) + l)2+T^e(i-wi-3e,) 



1 |F + i|i?p||ViJpdx]. 



(3.36) 

Now it remains to estimate the terms / "2/ITa(p) / + ||i/p||VMpda; and 
/ |F + \\H\^\\VH\'^dx on the right-hand side of ([535)1 . 
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From Lemma [231 for e e [0, ^] and 7] = e, it follows that 



\\F+l\H\%„,<C[\\F+^\H\%+m^\V{F+^\H\')f_g^^^ 

(3.37) 



where s = and the positive constant C is independent of to and e. Choose 

the positive constant e = 2^™ with m > 2 being integer in the inequalities p.36p 
and p.37p . From Lemma 13.41 one can get 



<( 



2fi + A(p) 



i2^, + X{p))-^\F+-\H\'\{2^, + Xip))idx 
dx)^{\ 2ijL + X{p)dx)^ <CZ{t), 



(3.38) 



ii^+^ii^rii2(i-s) 

= {j{2p + A(p))-(i-^)|F + \\H\^\^^^-'^ [2p + \{p)f~'dx) ^ 

< ( / ^^^i|^d.)4(|(2M + A(p))^dx)^ (3-39) 

< cz^mMj^ + 1) < cz^(t)[(^ii_£l)F^ + 1] 

< CZ%t)[{e-i^ + 1] < CZ''{t){2f^ + 1) < CZ%t), 

where in the last inequality one has used the fact that ms ~ ^l^^il^-^ — >■ 1, as 
TO oo. 

Inserting ([3?24| with r = ^M^-^iM into (jXTfl) implies that 

\\F+hH\^,,-,<C[Z{t) + m^\\V{F+hHn\'_^Zity] 
<C[Z(i) + m5(I^)i^^(t)i--Z(t)-^] (3.40) 
< C[Z{t) + m^-)T^^^{t)^-'Z{ty]. 
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Therefore, it holds that 



\F+^\H\^f 



2fi + X{p) 



dx 



(3.41) 

<Zit)'^\\F+^\Hf\\t' 

< CZ{t)^[Z{t) + m^{-)T^^{tY-'Z{tY]-^ 

£ 

< C[Z{t)^ + m ( ^ ) - 1 u'-i" 1 ) y)(^) Z (0 ] 

<J¥3^(i)+C5[Z(i)^+TO"<l + »)-2)( — )('3-l)('"(l + = )-2Z(f) ™(l + = )-2 ] 

< + + Z\t)f + m{-)^{l + z2(t))2+-^(r+T)-2]^ 



where we have appHcd the fact 



to(1 — e) 

ms = — >■ 1 as m — >■ +oo 

m — £(1 — e) 



and 

hm (2™(1 - ms)) = 2, 

m— > + oo 



with e = 2-"^. 

Now consider the integral 



11^ + i|i/|2||v^|2dx < j|F + l\H\%„,\\\/u\\\^ 

<C\\F+ ^|i/|'||2™(||divw||J_j^ + \\uj\\l^) (3.42) 
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Note that 



{2^Ji + X{p)Y 

2m(2m-3) 



-da;)^ 



(2m + A(p)) 



(2™-l)(n.-l) -, 2„. 

t 2 



dx)^ 



<ii^^+oi^i'ii2;r 



(2^ + A(p))^^ 



■dx) ■ 



l(r,i-l) 



(3.43) 



2m + A(p) 



<ciiJ^+-iFni-^( 



-dx) 



and by virtue of Jwda: = 0, interpolation inequality and p.24p . it can be derived 

as 



W 4m 



< CZ{tf~ 2 (/3-l)7l-2e) (^(i) m(\-2c) 

which together with (|X40l) . (|02l) . (|X43l) implies that 
j i|i7|2||Vupda; 

+ C[Z{t) + m^{ — )T^^ip{t)^-'Z{tY][l + Z(t)^"^^^IT^(p(t)^^^IT^] 



(3.44) 



0-l)(m-l) 



-z{t)- 



+ z(0^"™(i-2=)(^(i)"(i-2e) + m^{—)i^ip(ty-^z(ty 

£ 

+ TO2(_)7J^^(i)l-'^+™(i-2.,^(i)2+s 



1 1-3 



(3.45) 



< V(0 + Ca-[(i + z2(t))2 + (TO5(:^)^z^(t))^ 

+ (77i2("'"i) ( — ) (/3-i)(".-i) Z(i)-+" 



e 

1 1-3 



2(Tn-l) 



+ (to5( — )7J^Z(<)^ + "'"-(l-2.)) l + =-™(l-2.) 1 

< V(0 + ^^[(1 + Z2(t))2 + + Z^{t)f+^^- 



,m, _2_ 



2 



l-Tn3 + (2Tn3-l)e 



+ m{ — )l^{l + Z'^{t)) + m{ — )l^{l + Z2(t))^+™(i+=)(i-2-)-i+- 



GLOBAL SOLUTION FOR MHD 



19 



By / curli/da; = 0, Lemma [221 (|3.24p and p.40p . after a similar estimate we arrive 
at 



< 11^^ + ^l^l'll2ml|Vi/f_^ < C||F + ^|i/ni2™||curli/||^ 

1,,,,9„ „ .,,,,2-- 



<C\\F+-\H\%.^\\cnr\H\\,-^™\\VcnrlH\\^l^ 

< c[z{t) + m^{—)T^^ip{tY-''z(ty]z(tf-^^^^^ 

e 

< Cim^"^)^ ip{t)^--''+^'^r^ Zitf+''-^^^^ 
+ Z{tf~ (^(i) „>(\-2.) ] 

1 777 1 — s 2 

< + C5[{1 + Z\t)f + (m^(-)/^Z^(i)) 

7T1 777, r7i(l — s) ins — 1 2(m — 1) 

+ (m5(^^ (_) 1) Z{tf+^^) 



(3.46) 



< + Cs[{i + z^{t)f + m(-) 3^(1 + z2(i))2+-^u;";,ti-2"r-V;. 



Substituting p.41|) . p.45p and p.46|) into p.36p and choosing 5 sufficiently small 
gives that 

1A^2(^) 1 -^r. . ....... . . ^(1^ 



-Z^{t) + -if^{t) < C[ + (1 + + + l)2+T^e(i-«ri-3., 



Notice that 



+ m(-)'J^(l + + — (f + Z\t)) 

e e 

,m, 2 , ^, ...PI l-ma + (2ma-l)e 

+ to( — ) (1 + ] . 

(3.47) 



lim [2"(f - ms)\ = 2, 



hence f — ms ^ 2£ as m — > +oo. For m sufficiently large enough, one can show 
that 

f — ras 

< 4£, 



and 



m(l + s) - 2 
f — ms + (2ms — 1)£ 



< 4£. 



m{l + s)(f - 2£) - 1 + £ 
Therefore, from (|3.47p . we obtain the following inequality 

l^^Z\t) + \^\t) < Cm{^)^{l + Z\t)r'^. (3.48) 
On the other hand, from 
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and the estimate for density and the elementary estimates for the vefocity and 
magnetic field, it is easy to show that Z^{t) £ L^{Q,T). Thus, from p.48|) . we 
conclude 

1 1 Tn 2 

(TTzw^ - (i + z^(o))4^ + > 0. 

Take Af > 2 so as to satisfy the inequality 

M 2 1 

CMe{ — )~ < 



2(1 + Z2(0))4^' 



CMi+?^2-"'(^-^^) < — Kt-^, (3-49) 

- 2(1 + Z2(0))4'^' ^ ' 



^ > n , (3-50) 



that is. 



then 



Since 



2^i + X{po) 

< C[\\uo\\%. + WHoWl. + ||po||'^3||wo||?,2 + IIpoII^^] 
<C, 

if 1 — > 0, that is /3 > 3, then we can take sufficiently large M > 2 to ensure 
the condition ((3^ . From ([XSO]) . it holds that 

Z^{t) < 22"'"' (1 + Z^{0)) - 1 < C 

and 



(1 + Z2(t))4^ - (1 + Z2(0))4^- 



T 

Lp{t)dt < C. 



Thus we complete the proof of Lemma 13.51 

Step 4. Second-order estimates for the velocity and the magnetic field 

Lemma 3.6. There exists a positive constant C independent of 5, such that 

i-T 



sup f p{B^ + L'') + iy\\/curlH\'' + \Vpfdw+ f f ^i{B,, - L,,f 

tG[0,T]J Jo J 

+ (2/i + A(p))(S^,2 +L^,fdxdt < C. 



Proof. Multiplying the first equation of the system <\2A\ by B, the second by L, 
and integrating their sum in the space variable over T^, then using the continuity 
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equation, we get 



+ / AiMivu + {-H ■ VHi),, - i-H ■ VHi)^,]{B^, - L^,)dx 
J P P 

+ j{'^P + Kp))[{'^lx^Y + 2ui^,W2:ri + {u2x^f]{B^^ + L^,)dx 

- /(2/i + A(p))[(-),,i/ • Vi/i + • VH2](S,, + L.Jdx 

J P P 



+ / (2^ + A(p))(i?,, + (l|i/|2j^J. 



(3.51) 



Applying the operator Vcurl to the magnetic equation, multiplying it by Vcurli/, 
and then integrating over T^, we obtain 



i^||Vcurli/||2 + ^||V2curlH||2 

= - j Vcurlu • VH ■ VcurlH + curlu • WH ■ VcurlH 

+ Vu • Vcurli/ • Vcurli/ + u ■ VVcurlH • VcurliJ 

- Vcurli/ • Vu • Vcurli? - curli/ • VVu • VcurliJ 

- VH ■ Vcurlii • Vcurli/ - H ■ VVcurlu • Vcurli? 
+ divuVcurli/ • Vcm\H + cmXH ■ Vdivit • VcurlT? 

+ Vff curldivu • Vcurli/ + H ■ Vcurldivu • VcurliJda;. 



Applying V to the mass equation, multiplying by Vp, then integrating the resulted 
equation by parts, one arrives at 



\^\\^P\\l = - y" VulVpl^dx - ^ J divu\V pl'^dx - J pV p ■ Vdivudx, 
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which together with p.5ip - p.52p gives that 

^T- / piB^ + L") + IVcurliJp + IVppda; 
2 At J 

+ j fi{B,, - L.,,f + {2^JL + \{p))(B,, + L,,f + v\V'\nY\H\''dx 

+ / /i[t^divu + {-H ■ VHi),, - {-H ■ Vi7i),J(B,, - L,,)dx 
J P P 

+ j (2/1 + A(p))[(ui^J^ + 2ui^,U2xi + {u2x2f]{B.^,, + L^,)dx 

- /(2// + \{p))[{-)^,H ■ VHi + • VH2\{B^, + L.Jdx 
J P P 

+ Ji2p + \{p)){B,, + L.,MYp\H\%U + {Yp\B?M 

- j Vcurlu • VH ■ Vciirli/ + curlu • WH ■ VcnvlH + Vu • Vcurli? • Vcurli/ 

+ u • VVcurlH • Vcurli? - VciirlH • Vu • Vcurli/ - curlH • VVu • VcurlT? 

- VH ■ VcurlM • Vcurli? - H ■ VVcuiiu • VcuiiH + divuVcurli/ • VcurliJ 

+ cmXH ■ VdivM • VcurliJ + ViJcurldivu • VcurliJ + H ■ Vcuiidivu • VcuiiiJdx 

- j Vu| Vppda; j divu|Vppdx - j pV p ■ Vdivwdx. 

(3.53) 

Put 

Y{t) = ( j p{B^ +L^) + |Vcurli7|2 + \\/p\^dx) ^ (3.54) 

and 

Ht) = ( J KBx, " L^,f + {2p + A(p))(B,, + J2 ^ j^lv^curliJl^dx) ^ . (3.55) 



Note that 



j (|Vi?p + iVL^dx = j {Bl + Bl + Ll + Lijdx 



< V(i). 
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Thus it holds that 

\\V{B,L)Ut) < yt e [0,T]. (3.56) 

Then it follows from the elliptic system 



-HUJ,, + {F+^\H\^),, =pL, 

that 

||V(F+i|i7|2,w)||p<C||p(S,i)||p, Vl<p<+oo. (3.57) 

Furthermore, since / fiujxi + {F + ^\H\'^)x2d.x = 0, by the mean value theorem, 
there exists a point cc, g T^, such that (w^i + {F + ^\H\'^)x2){x*,t) = 0, and so 
B{x^,,t) = 0. Similarly, there exists a point x\, such that L{x\,i) = 0. Therefore, 
by the Poincare inequality, it holds that 

||(B,i)||p < Cj|V(S,L)!|2, Vl<p<+oo, (3.58) 

where C depend on p. 

Now we estimate the right-hand side of p.53p term by term. From the Holder 
inequality, p.58p and Lemma |3]4j it holds that 

I j p(B^ + L^)divudx| = I j p[B^ + L^)l±^^^^^P^Ax\ 

< \\VpiB,L)\UUB,L)M^^^^ (3-59) 
<CYmm + \\F+l\H\%). 



Observe that 



\\{F+^\H\^u;)\U<C\\W{F+ljH\\u;)h<CY{t). (3.60) 



Then we can write (|3.59p as 



piB^ + L^)d\vudx = I p{B^ + L^)l±^}I^^J^dx 



2pL + A(p) 
<CY{t)^l;{t){l+Y{t)) 

<54,\t)+Cs{Y{t) + lf. 



(3.61) 
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Direct estimates give 



<5 j{2^, + \{p)){B,,+L,,fdx + Cs j P'(2M + A(p))[(F+i|i7|2)(^-^^)' 
<<5^2(0+C,(l + ||F+i|ifp||^) 

<<5V'^(^) + c,(y(^) + l)^ 

(3.62) 



<cj \{B,L)\\Vu\\V{F + l\Hf,Lo)\dx < C\\iB, L)MVuUV (F + ^\H\^ ,uj)\\s 
< C\\V{B,L)\\2\\p{B,L)\\s < Cyi(t)V'* < Sij\t)+CsY^{t), 



(3.63) 



+ / n[cjdWu + {-H ■ Vi/i),, - i-H ■ Vi?i),J(B,, - L,,)dx 
J P P 

<m( j{B,,-L,^fdxY{ Juj\diYu)^ + [{-^H-VHi),,-{^H-VHi),,]Mx)^ 

< Si'\t) + CsMlil + \\F+ ^\H\Yd + CsY^it) 
<5i^'^{t) + Cs{Y{t) + l)\ 

(3.64) 
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J p 

<( j{2^i + \{p)){B,,+L,,fAxy-{ j {2pL + \{p))[{ui,,f + 2ui^,,U2x 
< 5i^^{t) +Cs [ (2/1 + A(p))[(ui,j2 + 2ui,,u2x, + iu2x,f + {Hix.f 



(3.65) 



+ 2Hi,,H2x^ + iH2x,f?dx 

< Sip^t) + Cs\\2^l + \{p)\\2{\\Vu\\t + \\VH\\t) 

< Si^^t) + Csi\\divu\\l + Ml + ||curli/|||) 

< 6^lj'{t) + Cs{l + \\(F+ ^\H\^,u:)\\l + \\curm\\t) 

< 5i?{t) +Cs{l + ||V(F + ]^\H\\lo, curlff)|||) 
<5^\t)+Cs{Y{t) + l)\ 

where we have used the fact that 

||VU||2 < C(||div«||2 + M\2) < C(II^-^5^^^T^I|2 + 11^112) < C, 

2p. + \[p) 

\\p{B,L)\\s = ( j ^p\[B,L)\\{B,L)\ip'^Ax)i < \\^iB,L)\\l\\{B,L)\\l\\p\\ 

<Cri(t)||V(B,i)||j. 
After a tedious calculation, 

- [i2p + X{pM-),,^H ■ VHi + {-).,„H ■ VH2]{B^, + 
J P P 

+ Ji2p + \{p)){B,, + L.J[(^|i7|^J., + (^|i/|^J.J 
<5il:\t) + Cs{Y{t) + l)\ 

Vcurlu • VH ■ VcurliJ + curlu • VVi? • VcurliJ + Vu • Vcurli? • Vcurli/ 

+ u ■ VVcurlH • Vcurli? - Vcurli/ • Vu • Vcurli/ - curlH • VVu • Vcurli? 
- VH ■ Vcurlu • Vcurli? - H ■ VVcurlu • Vcuiii/ + divuVcurli/ • VcurlT? 
+ cmXH ■ VdivM • Vcurli? + ViJcurldivu • VcmlH + H ■ Vcurldivw • VcurliJdx 

(3.67) 



Jdx 
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- J Vu|Vppda; J dWu\\7p\^dx - J pVp ■ Vdivuda; < Sij^{t) + C(l + Y{t))'^. 

(3.68) 

Incorporating ([53T|) - (p:^ with ((XS^ leads to 
2 Ox 

Choosing 8(5 — from Lcmma lXSl we get Y'^{t) G i^(0, T), and so using Gronwall's 
inequality gives that 

y2(i)+ / V^(Odt < ^2(0) + C. (3.69) 
From the system [TTTl it holds that 

£p„ito = ^Auo + V((/i + A(/9o))divito) = /iAuo + V(Fo - /.tdivuo + v{po) + ^l-f^ol) 
= [^V(divuo) - X (V X ito)] + V(Fo - ^divuo +p(po) + ^l^^ol) 



with 



Fo = (2/i + A(po))divuo -p(po) - ^l-^^ol, 



similarly one ean define cjqi ^o- Thus 

1 
2 



/:p„uo - Vpo = V(Fo + -\Ho\) - pV x{V X uq) 



V(Fo + i|i7o|) - yu(9..cjo, 'd^.ujof 

{{Fo + i|i/o|)xi - mSx.^^o, (Fo + ^|i/o|):.2 + ^a.iwo) 



= po{Lo, Bo)*- 
Hence, there exists g G L^(T^) such that 

which gives that 



Y'{0) = \\Viro{Lo,Bom = \\^\\l<C. 

VPo 



Therefore, from p.69p . it holds that 

Y^{t)+ [ V^(i)dt<C. 



The Lemma 13.61 is proved. 

Step 5. Upper bound of the density 



Lemma 3.7. It holds that 



^ \\{F+\\H\\oj)\\Udt<C. 



□ 
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Proof. From p.57p with p = 3, it holds that 

£ ||V(F + ^\H\',u;)\\ldt <C \\p{B,L)\\ldt 



<C J J p^\iB,L)\^dxdt 

<C f \\pHB.L)U{B,L)\\l\\p\\idt 
Jo 

<C f ||V(B,i)||2dt 
Jo 

<C [ V^(i)dt < C, 



(3.70) 



which together with Lemma 12.31 gives that 



1^ + l\H\',u^)\\l < £ UF + i|7Jp,a.)||3^..3di < C. 



(3.71) 

□ 



Lemma 3.8. It holds that 

p{x,t) < C, y{x,t) e X [0,T]. 
Proof. Using the continuity equation of (jl.ip . and the definition of 0{p), one gets 

9{p)t+u-Vp + F+^\H\^+pip)=0. (3.72) 

Introducing the particle path X{x, t; r) through the point {x, t) G T x [0, T] defined 

by 

i^^^ = ^iX{x,t;T),T), ^3^^3^ 

\X{x,t;T)\r=t = X, 

then we can show that 

^0ip){Xix,t;T),T) = -p{p){Xix,t;T),T) - F{X{x,t;T),T) - i|i?|2(X(a;, r), r). 
dr 2 

(3.74) 

Integrating the above equality over [0, t] implies that 

e{p){x, t) - e{po){Xo) - - J\p{p) +F+ ^\H\'){X{x, t- r), T)dr, (3.75) 

with Xq = X(a;, i; t)|t-=o. 
From p.75p . it follows that 

2^ In + i/(x, t) + /* p{p){X{x, t; r), r)dr 

po(-'^o) P Jo 

= ^pUXo) - / V + \\H\'){Xix, t; t), r)dr. 
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Thus 

2^^lnP^ < hp„\t + f \\[F + \\H\^){r, ■)\\^Ar < C, 
Po(Xo) P Jo ^ 

which yields that 

p{x,t) < CpoiXo)- 

Hence, 

p{x,t) < C, yix,t) e X [0,T]. 



Lemma 3.9. It holds that for any 1 < p < +oo, 

fT 



□ 



^ \\d^na\\l + \\ViF+lJH\^co)\\ldt<C\ 
p{x, t) > mi > 0, with nil o, positive constant. 



Proof. For any 1 < p < +oo 

i-T 



f \\V{F+l\H\',Lo)\\ldt<C f \\p{B,L)\\lAt<C j \\{B,L)\\ldt 
Jo ^ Jo Jo 

<C [ \\\/iB,L)\\ldt<C. 
Jo 



On the other hand, it holds that 



r \\divu\\ldt <C f \\F+ \\H\Yoo + lb(p)food< < C. 
Jo Jo ^ 

From the continuity equation and the above estimate, it is quite easy to show that 

p(a;, t) > mi > 0. 

Thus we complete the proof of Lemma 13.91 □ 



4. Higher order estimates 

In this section we derive some uniform estimates on their higher order estimates 
by virtue of the approximate solutions and basic estimates. 

Lemma 4.1. It holds that for any 1 < p < +oo, 

sup ||(Vp,Vp(p))(t,-)||p+ / \\\7u\\l,dt < C. (4.1) 

tG[0,T] Jo 

Proof. Applying the operator V to the continuity equation of (|l.ip , then multiply- 
ing the resulted equation by p|Vp|P~^Vp with p > 2, integrating it in the space 
variable x over implies that 

- -(p- 1) J \Vp\Pdivudx-p J \Vp\P-'^Vp-Vu-Vpdx 
-p y"p|V/9|P"^Vp • Vdivudx 

<(p-i)||div^i||^||Vp||'; + p!|Vii|UiivHl^ + p!lvdivii|ip|iVp|i^-i|ip|U. 
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This gives that 
^llVpjlp < C[||Vui|ocJ|Vp||p + ||Vdivw||p] 

< C[\\Wu\U\Wp\\, + l|V( ^+/'f'' Y^^ llp] (4.2) 

2n + X{p) 

< C[{\\Vu\U. + \\F+l\Hm^ + l)||Vp||p + ||V(^^ + l\Hf)U 

Since 

CpU^\/p{p) + p{L,B)\ (4.3) 
by elhptic estimates and p.58p . we show that for any 1 < p < +oo, 
\\W'-u\\p<C[\\Wpip)\\p + \\p{L,B)\\j,] 
<C[\\Wp\\p + \\{L,B)\\,] 
<C[\\Vp\\p + \\V{L,B)U 
From the Beal-Kato-Majda type inequahty, it folfows that 

llViilloo < C(||divu|U + ||c^||oo)ln(e+|lv2u||3) 

< C{\\divu\\^ + M^) ln(c + II VplU) (4.4) 
+ C(||divu||oo + ||c^||oo)ln(e+ ||V(L,B)||2), 
which together with (|4.2p for p = 3, leads to 

^||Vp||3 < C(||divu||oo + ||c^||oo)ln(e + ||Vp||3)|| VpHa 
+ C[(||divu||oo + ||c^||oo)ln(e+||V(L,B)||2) 

+ 11^^+ ^l^nioo + l]||Vp||3 + C\\V{F + i|i/p)||p. 
From p.7ip . Lemma [5751 and the GronwaU's inequahty, we get 

sup ||Vp||3<C. (4.5) 
*e[o,T] 

Incorporating Lemma [3.71 Lemma [3.91 and (14.4p - (|4.5p yields that 

r\\\/u\\ldt<C. (4.6) 
Jo 

Again using Lemma l3.71 Lemma 1 3 . 9 1 and (|4.2p . by GronwaU's inequality, one arrives 
at 

sup II Vpllp < C(|| Vpollp + 1), Vp e [1, +c»). (4.7) 

te[o,T] 

□ 

Lemma 4.2. It holds that for any 1 < p < +oo, 

sup [||u(t, 01100 + ||Vm||p + \\ipt,Pt)\\p + ||(pt,pt)||Hi + \\{p,p{p),u)\\h2] 

t6[0,T] 



f \\u\\%,dt<C. 
Jo 
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Proof. From elliptic estimates and (|4.3p . it holds that 

sup \\u\\h2<C sup {\\Vp{p)\\2 + \\p{L,B)\\2) 
te[o,T] te[o.T] 

<C sup (||Vp(p)||2 + |lx/p(i,i?)||2)<C. ^ • ^ 

te[o,T] 

By virtue of Sobolev embedding theorem, one gets 

sup \u{x,t)\<C, sup liVwIlp < C, VI < p < +00. (4.9) 

te[o,r] te[o.T] 

From 

Pt = —u ■ Vp — pdivu 

and 

Pt = —u ■ Vp — p]3'(p)divu, (4-10) 



together with the uniform upper bound of the density, Lemma 14.11 and (|4.9p , one 
can show that 

sup ||(pt,pt)llp<C, Vpe [l,+oo). (4.11) 
te[o,T] 

Applying the operator to the continuity equation in (|l.ip and (|4.10p . multiplying 
the resulted equation by V'^p and V^p(p), integrating them over the torus T^, we 
can prove that 

^llvVlls < C[||V?/||oo||VVll2 + l|Vp||3||VVll2||v2^i||6 + WpWl^WV^pMV^uU 
<C[{\\^u\\^ + l)\\^^p\\l + \\^^u\\l + \], 

(4.12) 

^I1vVp)I1^ < c[\\w^uUVph\\vM2 + Iivp|i3liv2p|i2|iv2^i|i6lb'(p)lloo 

+ ||V«||oo||V2p||2 + ||p"(p)p||i^||V2u||6||V2p||2||Vp||i 

+ \\p'{p)p\\l^\\V\\\2\\VM2 + |b'(p)||L^||V^.||oo||V2p|l2|lVVll2 
+ ||p>)||ioc.||Vu||^||V2p||2||Vp||I + ||p'>)p|U=o||Vu||^||V2p||2^ 

+ ||p"(p)p|Uo.||v^lU||v2p||2||vVll2] 



< C[(||Vu||oo + l)||v2p||2 + llv^ll^ + ||Vu||oo||VV" 



(4.13) 



From (1131), it holds that 

C{Vu) = V2p(p) + V[p(L, B)] + V(VA(p)divM) := 0. 
Then the standard elliptic estimates imply that 

\\u\\m<C[\\u\\Hi + Uh] 

< C[\\u\\h^ + \\V'p\\2 + j|Vp||4||(L,S)||4 + ||p||oo||V(L,i?)||, 

+ ||V2p||2||V^i||oo + ||Vp||3||V2u||6], 

and 

WVMe < C{\\\/pp\\, + ML, B)U) < C{1 + II V(L, B)^). 
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Hence, 

\\u\\h^ < C[l + \\VP\\2 + ||V(i,B)||2 + ||Vu||oo||VVl|2], 

which together with gives that 

AiKv^p, vVp))ll2 < c[i\\vu\\l + imv'p,vMpml + llv(L,i?)||2 + 1]. 

Using the Gronwall's inequahty, one can show that 

T 

2« \7^n(n))\\^. <fll('V2«„ V2„.^||2 , / (\\V7(r. R\\\ ^ ^ ^\AtUo (\\^'>'\\l> + '^')<^t 







||(V2p,V^p(p))||^<(||(V2po,V2po)||^ + C / (||V(i,i3)ll2 + l)dt)eJo 
<C, 

which gives that 



sup + \\ipt,Pt)\\H^) + / WuW'Hsdt < C. 

te[o.T] JO 



T 

2 



The proof of Lemma 14.21 is completed. □ 
Lemma 4.3. It holds that 



T 

\\Ht\\ldt<C, 







sup \\^ut\\ldt+ I \\ut\\]iidt<C. 
;e[o,Tl Jo 



_ \\^ut\\ldt+ I 
te[o,T] 

Proof. From the magnetic equation in (j2.4p . one gets 

\\Hth < C[\\u ■ VH\\2 + ||Ai7||2 + \\H- Vulla + HFdivuHa] 

< C[||u||oo||Vi/l|2 + l|Ai?||2 + ||Vw||2||i?||oo], 

which yields that 

Ht\\ldt<C. 







The momentum equation in can be rewritten as 

put + pu ■ Vu + Vp(p) + V(i|i?|2) - H ■ VH = CpU := p/\u + ^ {{p + \{p))d\-vu) . 

(4.14) 

Applying dt to the above equation gives that 

putt + pu ■ \/ut + S/p{p)t + V(i|i7|2) ^HfWH-H- VHt + ptUt ^ ^. 

I (4-15) 

= pIS.Ut + V((/i + A(p))divut) — ptu ■ Vu — put ■ Vm + V(A(p)tdivu). 
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Multiplying the above equation by ut and integrating the resulting equation over 
gives that 

lit J + y"(A^|V^/d' + (A* + A(p))|divutndx 

= - j Vp{p)fUtdx^ /v(i|i?|?)-M.T+ j HfVH-Utdx 

/ f f (4.16) 

— J p{ut ■ Vu) • utdx + J V(A(p)tdivw) • Ufdx. 
The terms on the right-hand side of (|4.16p can be estimated as 
-J Vp{p)t ■ Utdx = J p{p)tdivutdx < ^\\divut\\l + C\\p{p)t\\l < ^||divutj|2 + C'l 

- j ^{\\H\''t)-utdx^ J ^\H\^diYUtdx = J H ■ HtdiYUtdx < ^WdiYUtWl + C\\Ht\\l 



t|l2; 



jHfS/H- Utdx = ~ j HfH- Vutdx < !^\\Vut\\l + C\\H, 
J H VHf Utdx = - J H Hf Vutdx < ^\\Vut\\l + C\\Ht\\ 



— J pijufpdx = J div(pu)|wtpda; — — 2 J pu-VufUtdx 

< W^uthWVputhWVpWooMoo < ^W^utWl + cw^uthW^Wl^Ml 

< ^W'^utWl + cw^th, 

— J ptu ■ Vu ■ Utdx = J div(pw)[(u • Vw) • ut]dx = — J • V[(m • Vu) • ut]dx 

oo 1 1 1 1 oo 

< f llVuill^ + CiW^utWl + llVuill + ||(V^, \/'u)\\l) 
<^\\ynt\\l + Ci\\^Ut\\l + l), 

p{ut ■ Vm) • Utdx < ||Vw||oo|| VP"*II2> 



J V {X{p)tdivu) ■ Utdx — — J A(/9)tdivwdivutda; 

< f I|divuj2 + C\\X'p\\Upt\\m\\diyu\\l < !^\\divut\\l + C, 
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which combining with (|4.16p iniphes that 



+ C f \\Ht\\ldT + C. 
Jo 

From the momentum equation of (|l.ip . we have 



\\VP^u,ml < W^aWl + \\Vp^\\1\\uo\\1.\\^u,\\1 + W \\l\\Ho\\l\\\/Ho\\l 



+ \\H4U\^H4l<C. 
Therefore, by the Gronwall's inequahty, we get 



sn^ \\^ut\\ldt+ j \\yut\\ldt<C. 
ielo.Tl Jo 



te[o,T] 
Note that 

1 



Ut = (L, Bf ^u-Vu + -H ■ ViJ, 
P 

then for any 1 < p < +oo, 

f WutWldt < f + hllLllV^^II^ + \\-\\lo\\H\\lo\\'^H\\l<^t 

Jo Jo P 

< f \\v{L,B)\\l + + w-WUmloW'^HWlAt < c. 

Jo P 



Thus, we arrive at 



\ut\\Hidt < C. 







Hence the proof of Lemma [4?3l is finished. □ 
Lemma 4.4. It holds that 

sup \\{pt,pip)t,X{p)t)\\H^ + f \\{ptt,pip)tt,X{p)tt)\\ldt<C. 
te[o,T] Jo 

Proof. Based on the continuity equation, it holds that 

Pt = —u ■ VyO — pdivu 

and 

Ptt = -Ut - Vp-u - Vpt - ptdivu - pdivut. 

Clearly 

sup ||Vpj2< sup [||Vp||4||Vu||4+|K||oo||V2p||2+||p||^||V2u||2]<C, (4.17) 

te[o,T] te[o,T] 



WpttWidt < / [\\ut\\i\\vp\\i + WuWUi'^ptWi + \\pt\\i\\\7u\\i + MLW'^utiW 

Jo 

<C I {\\ut\\]j^+l)dt<C. 



(4.18) 
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By a similar calculation, we also obtain 

|2 



sup ||V(p(p)*,A(p)t)||2+ / \Mp)tuKp)umdt<C. 
te[o,T] Jo 

Thus wc finish the proof of Lemma 14.41 □ 
Lemma 4.5. It holds that for any < t <T, 



sup \\H\\l;+ ( \\H\\lsdt<C. 

EfO.Tl Jo 



te[o,T] Jo 

Proof. Applying dx^xj, h j = 1, 2, to the magnetic equation in (j2.4p . multiplying 
it by dxiXjH, and then integrating the resulted equation in the space variable x, 
we obtain 

^^l|V'i/||^ + i^WS/^'ml = - I [dx,x,u ■ VH + dx,u ■ VHx, + u ■ VHx^x, 

+ dxjU- WHx^ - dxiXjH ■ Wu - dx,H ■ Wux^ - dx^H ■ Wux^ - H ■ Wux^xj 
+ dxiXjHd^'vu + dxiHdiYUxj + dxjHdrvUxi + HdiYUxiXj] ■ dxiXjHdx 
< '^W^'mil + C{\\Vu\\^. + l)\\\/'H\\l + C\\V'u\\l + C, 
that is, 

^^iiv^i?ii^ + iy\\v'H\\i < c{\\wuu + im'mi + c\\vMi + c. 

It follows from the Gronwall's inequality that 

'^u\\l + l)dt) 



sup \\V^H\\l+ [ \\V'H\\ldt<{\\V'H^\\l + C f i\\V' 
te[o,T] Jo Jo 

X e/o^(ll'^«ll-+i)dt < c. 



Therefore, together with Lemma 13. 5[ Lemma 14.11 Lemma 14.21 and elementary 
estimate p.ip . it holds that 



sup llV^iJjl^ + f ||i7||^3dt < C. 

SfO.Tl Jo 



te[o,T] 

□ 

Lemma 4.6. It holds that 



sup / \\Ht\\H^dt<C, 

£[0,T] Jo 

sup \\HfH. + [ \\V^H\\ldt < C, 

£[0,T1 Jo 



\\H\\h-+ I 

*G[0,T] 

|2 I j-|L,||2 , „\ M|2 



sup [t\\utrm + AMm + t\\iptt,Pip)tt, X{p)ttm + \\iP,Pip))\\w-.^] 
te[o,T] 

rT (4.19) 



+ / t[\\^utt\\l + \\utfH2 + WuWl^dt < c. 

JO 
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Proof. From the magnetic equation in ()2.4p . we see that 

Htt + ut ■ VH + u ■ VHt - v/^Ht - Ht - Vu- H ■ Vut + Htdivu + Hdivut = 0. 
Multiplying the above equality by Ht implies that 

~\\Ht\\l + iy\\VHt\\l = - j UfVH ■ Htdx- j u-VHf Htdx 

+ J Hf\7u- Htdx + J H -S/Uf Htdx (4.20) 
- j \Ht\'^diYudx - j Hdbfut ■ Htdx. 
The estimates of the terms on the right-hand side of (|4.20|) are as follows: 
UfVH.Htdx^jvH.Htd^utdx^jufH.VHtdx 
<C{\\Vut\\l + \\ut\\l + \\Ht\\l)+''-\\VHt\\l 
<C{\\utrH^ + \m\l)+'^\\VHt\\l 



/ 



J u-VHfHtdx^^ J \Ht\^divudx<C\\\/u\U\Ht 
Hf\/u-Htdx<C\\Vu\U\Ht\\l 
J H Vuf Htdx < C\\H\U\Vut\\2\\Ht\\2 < Ci\\Vut\\l + \\Ht\\l), 
- J \Ht\^divudx < C\\Vu\\o^\\Ht 



^ J Hdivut ■ Htdx < CiWVutWl + \\Ht\\l). 
Thus from (|4.20p . it is not difficult to prove that 

^^\\Ht\\l + W^HtWl < WutWj,. + \\Ht\m + 
which by the Gronwall's inequality gives that 
sup \\Ht\\l+ r||Vif*||2dt<c/o"(i+llv«IU)d*(|j^*(o)||2^ r \\Ht\\l,dt)<C. 

tG[0,T] Jo Jq 

By the magnetic equation of (|2.4p . we have 

II V'il||2 < WHth + \\u- Vi?||2 + \\H- Vm||2 + llffdivujla 

< ||i^t||2 + h||oo||Vi/||2 + ||i/||oo||Vtl||2 < C. 

The estimate of /^^ ||V^i?||^dt < C is fairly easy so we skip it. 



36 



D. BIAN AND B. GUO 



It remains for us to show the estimate (|4.19p . For this, Multiplying the equation 
()4.15p by utt, and then integrating in the space variable x give that 

Id f 

IIVP"«ll2+ J Ai|V?/tP + (M + A(p))|divut|2dx 

= IJ Xip)t\divut\^dx- J[Wp+^W\H\^t-HfVH~H-VHt ^^"^^^ 
+ ptUt + ptu ■ "S/ut + pu ■ "S/ut + put ■ "S/u — V(A(p)tdivu)] • uudx. 
Note that 

j V(A(p)tdivu) • Uudx ^ — j A(p)tdivudivutfda; 

= — — j A((o)tdivudivutdx + j A(/9)t|divUip + A(p)ttdivudivutda;. 
Hence we write (|4.2ip as 

WVP'^ttWl + 2 / ^1^"*!^ + {P + A(/9))|divutp + A(p)tdivudivutda; 

A(p)t|divMt|2dx- j[Vp+U/\H\l-HfVH-H-VHt (4.22) 
4- ptUt + ptu ■ Vut + pu ■ Vuf + put ■ Vu] • uttdx + / A(p)ttdivudivutdx. 



Observe that X{p) satisfies the transport equation \{p)t = —u ■ VA(p) — pA'(p)divw, 
then it holds that 

^ j A(p)t|divut|^da- = J u ■ V X{p)\divutf dx - ^ J p\'{p)\divutfdx 
X{p)d\vutu ■ VdivUfd.T H — f (A(p) — pA'(p))divu|divutpda; 



2 _ 

< C||A(p)u,||oo||div'at||2||Vdivuj2 + C||A(p) - pA'(p)||oo|| Vi/,||oo|| A(/9)u.||oo||divMt||2 

< C||divMtj|2||VdivWf II2 + Cjl Vu||oo||diviit||2. 

(4.23) 

From PTTS)) . it follows that 

CpUt = putt + PtUt + {pu ■ S/u)t + \7p{p)t + V(i|i7|2) - {H ■ \/H)t - \/ {\{p)tdwu). 
Then the standard elliptic estimates show that 

W^'^Uth < C[\\^\\oo\\^/pUtt\\2 + \\pt\\i\\ut\\4 + llpilUIIVulUllulloo 
+ ||Vu||4||ut||4||p||oo + ||u||oc||p||oc||Vut||2 + ||Vp(p)t|j2 

+ \\\7H\\4Ht\U + ||i/||oo||Vifj2 + ||VA(p)t||2||V?/||oo 

+ \\\ip)t\U\\V^u\\4] 

< C[\\^utth + \\uth + \\Hth + W^uth + W^Hth 
+ ||V2w||4 + ||Vm||oo + 1] 

< C[\\^utth + \\ut\\i + \\Ht\U + llVutlU + W^Hth 

+ ||V\||2 + ||Vu||oo + l]. 



(4.24) 
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Plugging (|4:24|) into (|4:23l) leads to 

^ I X{p)t\dwut\Mx < j^W^uuWl + C{\\ut\\l + \\Ht\\l + \\\/Ht\\l 
+ ||V3u||2 + IIVt^IIL) + C{\\Vu\\^ + mVutWl 
On the other hand, it holds that 

- J Vp{p)t ■ uttdx = J p{p)tdivuttdx 

= ^ j p{p)td\vutdx ~ j p{p)ttd\vutdx (4-26) 
d f 

/ ptUt ■ Uttdx = - / pt{^^)tdx = -— / pt^-dx + / Pit— ^dx 
./p.^d.-/div(H.^dx 



d< 
d 
dt 



y pt ^-^dx - J {pu)t ■ 'Vut ■ utdx 



<-^y" /9t^da; + ||Vp||oo|IVP"tll2lktll4|lVut||4 

+ i|w||oo||Pt||4||wt||4||Vwt||2 

< y Pt^dx + CdluilUllV^i^lU + WutU^uth) ^^-^^^ 

< y Pt^dx + C{\\ut\U\\y'uth + WuthW^uth) 

< y pj-^dx + CWutWSVp^tth + hth + \\Ht\U 
+ llVuJa + ||ViJt||2 + llV^ulla + ||Vm||oo + 1] 

+ ||Vif,:||2 + l|V'^u||2 + l|V^i||L + l], 

- y V(i|JT|?) • Uttdx = - JvHHf Uttdx - J H-\/Hf uttdx 

< ||VP^«||2||^||co||Vi/||4||i/j4+||i/i|ooi|VFti|2||\/pi^«||2||^||oo (4.28) 

y P y P 

< ^WVputtWl + CWVHtWl 

J Ht-^H -Uttdx <\\y^utth\\^\\oo\\^HUHt\U< ^\\Vputt\\l + C\\\7Ht\\l 

(4.29) 
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J H-VHfUudx<\\^Utth\\^\\.oo\\H\\^\\VHt\\2 < j^WVP^ttWl + C\\VHt\\l 

(4.30) 

ptu ■ Vw • uttdx 

= — — [ ptu ■ Vu • Utdx + / pttu ■ Vu • Utdx + ( ptUt ■ Vu ■ Ufdx 



ptu ■ Vut ■ utdx 

< -37 I PtU-Vu- Utdx + ||/Ott||2||w||oo||Vw||4||wt||4 + ||pt||4||Vw||4||wt||4 ^"^'^^^ 



dt „ 

+ ||/3t||4||M||oo||VMf||2||ut||4 

^ -37 / ■ • ^tdx + C{\\ptth\\ut\\4 + \\ut\\l + WVuthWutlU) 



dt 

< / ptU ■ Vu • Utdx + C{\\ptt\\l + htWl + llVutll^), 



~ J pU-VUf Uttdx < \\^/pUtt\\2\\^/pu\\^\\Vut\\■2 < ^ || II 2 + C|l Vu* |1 2, 



(4.32) 



-J put ■ Vu • Uttdx < ||^/pUtt||2||^/p||cc>||Vuj|4||uti|4 < ^IIVP'"it|l2 + C'll^*tll4 

(4.33) 

and 

A(p)ttdivudivutdx < ||A(p)tt||2||Vu||oo||Vut||2 < ^(||A(p)tt||2 + l|Vu||^||Vut|l^). 

(4.34) 

Collecting all the above estimates and plugging them into (|4.22p yields that 
2II VP'"**ll2 + ^ / A^l^^tP + (m + A(p))|divutp + A(p)tdivudivut 

- p{p)tdivut + pt—^ h PtU ■ Vu • Utdx (4.35) 

< C[\\{ptt,pip)tumu)\\l + htWl + \\Ht\\l + WVHtWl + 
+ (||Vu||L + l)(||Vut||^ + l)]. 
Notice that 

A(p)tdivudivutdx| < || A(/9)t||4||divu||4|| Vut||4 

<fl|Vut||^ + q|A(p)t||I||Vu||^ 
<^\\Vut\\l + C, 

J p(p)tdivutdx| < |||Vut||^ + C\\p{p)t\\l < |||Vut||^ + C, 
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/I w , I f \u \ f 

I J ptu ■ Vu ■ Utdx\ 

= I J div(pu)(u • Vu ■ ut)dx\ = \ J pu ■ V {u ■ Vu ■ ut)dx\ 

< ll\/pWt||2||VP"l|oo(i|Vu||4 + i|u||ool|V^7i||2) + 1 1 /0| m| ^ 1 1 oo 1 1 Vuj 1 1 2 1 1 Vu| | 2 



<'-\\Vu,\\l + C. 



Thus, for some positive constant C, Ci, we have 

\l 



CiiWVutWl - 1) < G{t) < CiWVutWl + 1), (4.36) 



withG(i) = / Ai|Vutp + (^+A(p))|divut|2 + A(p)(divwdivut-p(p)tdivut + pt^- 
ptu ■ Vu ■ utdx. From (|4.35p . it holds that 



\\\V~PUu\\l + ^G(t) < C[\\{ptup{p)u, X{p)u)\\l + IWtWl + \\Ht\W ^4 

+ W^ml + W^Ml + (llViiilL + + 1)]. 

Multiplying the inequality (|4.37p by t and integrating the resulted equation in t 
over [r, ti] with r, ti € [0,T] give that 

rti 

t\\^utt\\lit)dt + tiG{ti) 
< CtG{t) +C j\\\{ptup{p)u, Kp)tt)\\l + \\ut\\l + \\Ht\\l + WVHtWl (4.38) 

+ \\V^u\\l + G{t)]dt + gJ'' [i\\Vu\\l + l){tG{t) + l)]dt. 

It follows from Lemma lOl and that G{t) e i^(0,r). Hence, due to [Ti] . 

there exists a subsequence such that 

Tk 0, TkG{Tk) — > 0, as +00. 

Take r = r/j in (|4.38p . then k — > +00 and applying the Gronwall's inequality, one 
shows that 

sup [t\\Vut\\l]+ [ t\\^uu\\ldt<G. (4.39) 
te[o,T] Jo 



Note that gives that 



sup mpu,p{p)u,Kph)\\l]+ [ t\\V\t\\ldt < C. (4.40) 

tG[0,T] Jo 



Since itj = (L, B)* — u • Vu + ■ VH, we prove that 

V(L, S)* = Vut + V{u ■ Vu) - V{-H ■ VH). 
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Consequently, it holds that 



sup [t||V(L,i?)*||2]<c, (4.41) 

tG[0,T] 



which together with p.58|) implies that 

sup [t\\{L,BY\\l] < C sup [t\\V{L,BY\\l] < C. (4.42) 

tG[0,T] *6[0,T] 

Thus it holds that 

sup [t\\ut\\l]<C sup [t\\{L,By\\l + t\\u-S/u\\l + t\\-H -S/HWl] <C. (4.43) 
te[o.T] ie[o,T] P 

Clearly, 

sup [t\\ut\\jfi] + f t\\ut\\ji2dt < C. (4.44) 
te[o,T] Jo 

Applying dxiXj, h 3 = li 2, to the continuity equation in (jl.ip leads to 

(P2^,2:j)t + U ■ V{px,x,) + Ux,x, ■ Vp + Ux, ■ Vpxj + PxiXjdivU + Px^{A\Yu)xj 

+ p^;^. (divu):^^ + p{A-Wu)xix, = 0. 

Multiplying the above equation by q\'^'^ p\'^^'^ PxiXj with q > 2 given in Theorem 
and summing over i, j = 1, 2, and then integrating the resulting equation 
with respect to x over shows that 

^IIVVII? <{q- l)||i|V«||oo||V2pi|^ + Cg||V2p||rMl|Vp!|2,||V2u||2, 

+ \\Vu\\^\\Vp\\2q+\\p\\oc.\\y^u\\g], 

which leads to 

^llvVll, < c[||Vu||oo||vVi|, + \\\7p\\2^\\VM2, + IIpIIooIIv^uII,] 
<c[||||Vu||oo||vVll9 + l|v^i||H/i.«, 

with q > 2. In a similar fashion as (|4.45p . one can deduce that 



^IIV^pII, < C[\\Vu\U\V'-p\\^ + WV^w^^,]. (4.46) 



Apply dxi with i — 1, 2 to the elliptic system 



1, 



CpU = put + pu-Vu - H ■ VH + Vp{p) + V(-|i/r) 
to get 

CpUx^ = -~V{\{p)xAiYu) + Px^Ut + pUxit + Px,u ■ Vu + puxi ■S/u+ pu- VUxi 

+ ^p{p)x,+y{\\H\l;)-Hxr^H-H-VHx^ :=*. 

Then the standard elliptic estimates give that 

||Vu||h/2,, < C[||Vu!|,; + ii^ii,] 

< C[l + (iiv^^iioo + i)\\{v^py^v)\U + Iiv'"ll2, + Iktlki.. + llV^ffll,], 
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which incorporating (|4.45p and (|4.46p imphes that 

^||(VV, v2p)IU < C[l + (llViilloo + 1)||(VV, V2p)||, + + WutWm 

+ \\Vut\U + \\V^H\\q]. 
From Lemma [121 we have 

/ \\yut\\qdt<C / \\V^Ut\\2dt<C sup [ViWVuth] / i^'df < C. 
Jo Jo te[o,T] Jo 

Therefore, from (|4.47p and the Gronwall's incquahty, it holds that 



72. 



!|(V>,V^p)||,< ||(V^Po,VMpo))||, + C / (l + ||u||H3 + j|«t|lHi 

Jo 

+ ||V«t||,)dsxe^^*(ll^"li-+i)d^ 

which then leads to 



(4.48) 



sup < C. 

te[o,T] 

Hence Lemma 14.61 is now proved. □ 



5. Proof of Theorem 11.11 
In this section we complete the proof of Theorem 11.11 

Proof of Theorem From the uniform bounds in Lemmas 13.1113.71 and Lemma 
14.1114.61 we can show the solution sequence (p", u", /f") converges to a limit (p, u, H) 
satisfying the same bounds as {p"' , u"' , H"') when n — > cx) and the limit {p,u,H) 
is the uinque solution to the original problem (|l.ip - (|1.3p . We omit the details for 
brevity. Now, we will prove that (p, u, H) satisfy the bounds in Theorem 11.11 and 
(p, u, H) is in fact a classical solution to (|l.ip . 
Note that 

{u,H) G L^{0,T-H^{T'^)) X L^{Q,T;H^{T'^)), 
iut,Ht) € L\0,T;H\T^)) x L''{0,T; H\T^)), 
then by Sobolcv embedding theorem, one obtains 

u e C{[0,T];H\T^)) ^ C{[0,T] x T^), 
H e C([0,T];i?2(T2)) ^ C([0,r] x T^). 

After a similar argument, from (p,p(p)) £ L°°{[0,T];W^''^{T^)) and {pt,p{p)t) G 
L°°([0,r];i?i(T2)), clearly it holds that 

(p,p(p)) e C([0,r];M/i'^(T2))nC([0,r];M/^-^„,(T2)). 

Thus, from Lemma [Ml clearly (p,p(p)) G C{[0,T];W'^''^{T'^)). Theorem O is 
proved. □ 
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